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Dirac Equation in an Axial Coulomb Potential
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We consider solutions to thg Dirac equation in the presence of an external axial
vector potential A4,(x) = (0, e/ﬁ) coupled to the spinor field J through the
interaction term —e\y,ysWA". There turn out to be no bound>state energies in
this system consistent with a normalizable wave function.

1. INTRODUCTION

It is well known that the axial vector coupling of a quantized spinor
field is peculiar, as the divergence of the axial current develops anomalous
terms not anticipated when one naively considers the field equations [1-4].
In this paper we consider a somewhat simpler problem. The spinor field is
not quantized: we simply examine the solution of_the Dirac equation in the
presence of a background Coulomb field 4,(x) = (0, e/‘r ‘) when the coupling
of the axial vector field A.(x) to the spinor field J(x) is through an axial
vector interaction £; = —eyy,ysWA4". This problem is very similar to the
one addressed by Darwin [5] and Gordon [6]; that is, solving the Dirac
equation in an external Coulomb potential in quantum electrodynamics where
the coupling is purely vector. However, the absence of parity conservation
due to the presence of Ys in the interaction &; means that, unlike quantum
electrodynamics, eigenstates of the Hamiltonian operator need not be parity
eigenstates. This we show has the consequence that for no value of the energy
eigenvalues can the norm of the wave function be bounded. In quantum
electrodynamics, on the other hand, the requirement that the norm of the
wave function be bounded results in the usual bound>state energy eigenvalues.
The notation of ref. 7 is used.
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2. THE AXIAL COULOMB POTENTIAL
The Hamiltonian we consider is

-

o p o+ Pm —%w] W) = By (M

5
where p = iV, o = €% and

- [0 o 10 0 1
O‘:(E’ g) B:(o —1) Y5:(1 o) 2)

Following the discussion in ref. 7, we expand the Dirac spinor field in terms
of angular momentum eigenstates so that

G (N (6, 0) + Gy (1)) (6, d) 3)
F;’(r)d);n (ea ¢) + Fj_(r)(l);r—n (ea ¢)

The properties of the basis functions ¢}, in (3) reduce our dynamical equation
(1) to

r\lijm(-rs) = (

(m — EYG + (=F}" — (j+pFjir)+ia Filr =0 (4a)
(m — EYG; + (=F;' + (j+)F;In)+ia Fflr=0  (4b)
(m+ E)F; +(=G;' — (j+ G Ir) + ia G Ir = (4c)
(m+ E)Ff + (=G + (j+ G In) +ia G Ir =0 (4d)

The absence of parity conservation in (1) results in a coupling between the
functions (F;", G;') and (F;, G;) when o # 0.
By examining (4) in the limit » — % we find that

Fj(r) = e B f5(r) (52)
Gi' (r) = e E g (r) (5b)
where f7(r) and g/ (r) are polynomials in r. Upon making the expansions
5F= 34 e (6)
J pZ; 1
g = v r (6b)

=

we obtain the recursion relations from (4),
[T, + K ¢;j - iad)p_j —(m— E)Y;Q - \;” E? ¢17 1 =0 (7a)
(1, — k10,7 — iod,” — (m — E)y, L1 — \/” E*¢,L1 =0 (7b)
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[T, + K]Yﬁ ZOW;—/ - (m+ E)¢17_£1 - \;”2 - E? 717_11 =0 (7¢)
7 — iy — (m 4+ E)OjL — Nt — E2 i =0 (7d)

[T, — XYy

where 7T, = p + sand k = +(j + 1/2). Since ¢ = 0 = yZ, the term in
(7) with p = 0 is consistent only if

5= 4K — o )

The negative root is excluded to maintain suitable behavior in (6) at r = 0.
Together, (7a) and (7d) imply that

[T, + K]0, s — ZOL¢17_j - \;ﬂ%: i, — x] Y;/ - lOWp_j} =0 (9a)

and similarly from (7b) and (7c),

7y = ] 7 — iy~ \%j{(nﬁK)vp’—zocv;f} =0 %)

Together (9a) and (9b) can be solved to yield

= A=y oty s o (0
T — K+ ol Vv +E

Using (10) and the analogous equation for ¢;Z;, we can express 7(c) and
7(d) entirely in terms of v,” and v,7;,

— N2 2
T,—1 + K)” +
(mtp + K)Yp lay;/ - P - E2{|:1 + ( ]2 1 )2 2 :|Y1T/1

T,—1 — K +

20K _
+ T 0=0 11
7t12,_1 — 2+ ol Y 1} (11)

Solving the two equations contained in (11) shows that

o 2_\i2_E2

I () — k% + o)) (-1 — k2 + o)

X (7, £ K)(T—1 F T—1k + o) F koYL
+ (-1 + T—k + 0F) + k(T £ K]V L) (12)

It is evident that no value of E can be selected which ensures that the
coefficient of both y,7 and v, simultaneously vanish in (12). Consequently,
the series in (6) will not terminate, and for large p
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INVEN e

~ Yoli (13)

implying that

g (r) ~exp [2 bt — E* 1] (14)

Hence the functions G (r) in (5b) will grow exponentially as r becomes
large and thus the wave function \ in (1) is unbounded.

The axial vector coupling in Eq. (1) can be supplemented by a vector
coupling: viz we can replace —olys/r by — ays/r — B/r. The procedure outlined
above can be repeated without difficulty. If we again use the expansions of
Egs. (3), (5), and (6), then Eqs. (7a)—(7d) are supplemented by the terms
By,/, By,”, —Bd,’, and —Bd,”, respectively. This results in (11) being
modified to become

(T, F 9y, — oy, — fl:( V%, (m, T ¥)* + a? — B
\p

—2EB(m, ¥ K)) £ ) (_ J E Bm )
- Yy’ — 2o i

+K +
m+ E V+E m+ E

_ m + Er ;;; — E((’]‘[ : K)2 + a2 _ B2) _ ZEE!TEZ?—I : K! +/
Ay N+ m—E |7

P W =E Bm N N
210((+K V"'E m+E)Yp 1:| E“y,21 =0 (15

where

The two equations contained in (15) are of the form

- >
Ap-xp = Bp-xp—l (16)

1= Y;‘f
Py

-
In order for x, to vanish for some p, the matrix B, must vanish as well. In
principle, this fixes the value of E, but it is easily seen from (15) that such
a value of E does not exist so long as o is nonzero. Hence, irrespective of

where
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the strength of the vector coupling, there do not exist normalizable bound»
state solutions to the Dirac equation when the external potential is generated
by a Coulomb source, provided there is an axial coupling.

3. DISCUSSION

We have demonstrated that the coupling to a massless axial vector in
the relativistic quantum mechanical theory of spin»>1/2 particles does not
lead to a normalizable boundsstate wave function when there is an external
Coulomb potential. The phenomenological significance of this result is not
clear in light of the existence of the Z boson.

We have considered the axial vector field A, to which the spinor V is
coupled to be a fixed classical background field, so strictly speaking we need
not concern ourselves with axial gauge invariance. However, if 4,(x) is taken
to be an interacting field, then it would appear that the absence of axial
gauge invariance

Ay > Ay — 0,0 (17a)
U — M5y (17b)
Y e (17¢)

in the mass term m\y would constitute a flaw in the model. However,
spontaneous symmetry breaking can be used to circumvent this difficulty.
The interaction

Ly =g A+ iVysUB = gU[OPs + s P (18)

[where & = A4 + iB is a complex scalar and P+ = %( 1 £ ys) are a complete
set of orthonormal projection operators] is invariant under the gauge transfor
mation of (17) provided

& —e (19)

since 'S P, = ¢ P.. If now the potential for ¢ is such that it acquires
a real vacuum expectation value {4) # 0 so that the field J develops a mass
m = g(A), then there is no explicit breaking of the chiral gauge symmetry.
In principle, the vector field A, would also become massive due to the Higgs
mechanism if coupled to ¢, but this mass is neglected. Furthermore, we do
not consider the effect of any degrees of freedom associated with the scalar
field ¢ in (16) on the energy levels of . This is feasible provided the mass
of ¢ is sufficiently large.

An exact analysis of scattering is not possible for the potential we have
been considering as we do not have an exact solution to the wave equation.
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(In quantum electrodynamics, such an analysis is possible: e.g., Chapter 9.9
of ref. 8.) However, one can easily compute the lowest order scattering matrix
for unpolarized particles and obtain the analogue of the Rutherford formula,

do _ a06m’a’y’m?’ | pitm Bt m

— T
dr 2‘q‘4 r 2m To¥s 2m To¥s
_ 167t20L 2 2 .2 Q 2 2
= = 1 — + 20
apl* sin*(012) Psin” " 20)

where the notation of ref. 7 has been used.
One could proceed with a Foldy—Wouthuysen type of transformation to
expand the Hamiltonian

H=10 - (p — edys) + Pm + eDys 1)

in inverse powers of m. However, since gauge invariance is absent when
m # 0, the coefficients of this expansion will not be gauge invariant.
It is also worth noting that the operator relation

(P = Ay5)* = (pr + ionA'ys)” — idyys + 24° (22)

indicates that gauge invariance will be absent in one>loop Green’s functions.
This can be seen most clearly when one employs the calculational techniques
of ref. 10. Further discussion of the significance of Eq. (22) appears in ref. 9.
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